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============

In this paper, we consider simple and undirected connected graphs. Let $\documentclass[12pt]{minimal}
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                \begin{document}$G[S]$\end{document}$ the induced subgraph of *G*. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$K_{n}$\end{document}$ the path, cycle and complete graph on *n* vertices, respectively.

A *Halin graph* is a plane graph constructed as follows. Let *T* be a tree on at least four vertices. All vertices of *T* have degree 1 or at least 3. The vertices with degree 1 are called *leaves*. Let *C* be a cycle connecting the leaves of *T* in such a way that *C* forms the boundary of the unbounded face. We always say the tree *T* is the characteristic tree of *G* and the cycle *C* is the primary cycle. Moreover, the vertices of *C* are called *exterior* vertices and the other vertices are called *interior* vertices. The Halin graphs was introduced by Halin \[[@CR1]\]. We call $\documentclass[12pt]{minimal}
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                \begin{document}$W_{n}$\end{document}$ is the unique Halin graph with only one interior vertex. In particular, we use $\documentclass[12pt]{minimal}
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                \begin{document}$H(t_{1},t_{2},t_{3},t_{4})$\end{document}$ to denote the Halin graphs with two interior vertices and three interior vertices, respectively (see Figure [1](#Fig1){ref-type="fig"}). Figure 1**Halin graphs** $\documentclass[12pt]{minimal}
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                \begin{document}$d_{1}\geq d_{2}\geq\cdots\geq d_{n}$\end{document}$ is the degree sequence of *G* and $\documentclass[12pt]{minimal}
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                \begin{document}$D(G)=\operatorname{diag}(d_{1},d_{2},\ldots,d_{n})$\end{document}$ is the diagonal matrix of vertex degree. Let $\documentclass[12pt]{minimal}
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                \begin{document}$A(G)$\end{document}$ be the adjacency matrix. The Laplacian matrix of *G* is defined as $\documentclass[12pt]{minimal}
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                \begin{document}$L(G)$\end{document}$ is a positive semi-definite symmetric matrix, and its eigenvalues are denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\mu(G)=\mu_{1}(G)$\end{document}$ is called the *Laplacian spectral radius* of *G*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$G^{c}$\end{document}$ be the complement graph of *G*. It is well known that $$\documentclass[12pt]{minimal}
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                \begin{document}$$\mu_{i}\bigl(G^{c}\bigr)=n-\mu_{n-i}(G)\quad \text{for }i=1,2,\ldots, n-1. $$\end{document}$$ Consequently, we obtain a trivial upper bound of the Laplacian spectral radius: $\documentclass[12pt]{minimal}
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The Laplacian eigenvalues of *G* can be used in several physical and chemical problems. Many researchers pay attention to the Laplacian spectra of graphs (see \[[@CR2]--[@CR11]\]). Halin graph is very important in the mathematical literature. In this paper we study the Laplacian spectral radii of Halin graphs. The following are our main results.

Theorem 1.1 {#FPar1}
-----------

*Let* *G* *be a Halin graph on* *n* *vertices*. (i)$\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============

In order to prove the theorem, we present some lemmas which will be used frequently in the proof.

Lemma 2.1 {#FPar2}
---------

\[[@CR7]\]

*Let* *G* *be a connected graph on* *n* *vertices with at least one edge*. *Then* $\documentclass[12pt]{minimal}
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Lemma 2.2 {#FPar3}
---------

\[[@CR12]\]
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Lemma 2.3 {#FPar4}
---------

\[[@CR13]\]

*Let* *G* *be a simple connected graph with* *n* *vertices and degree sequence* $\documentclass[12pt]{minimal}
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Lemma 2.4 {#FPar5}
---------

\[[@CR2]\]

*Let* *G* *be a connected graph*. *Then* $$\documentclass[12pt]{minimal}
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                \begin{document}$$\mu(G)\leq\max\bigl\{ d(u)+d(v)\mid uv\in E(G)\bigr\} . $$\end{document}$$ *Moreover*, *the equality holds if and only if* *G* *is a regular bipartite graph or a semiregular bipartite graph*.
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                \begin{document}$m(v)$\end{document}$ the average of degrees of the vertices adjacent to *v*, that is, $$\documentclass[12pt]{minimal}
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                \begin{document}$d(v)m(v)$\end{document}$ is called the 2-*degree* of vertex *v*.

Lemma 2.5 {#FPar6}
---------

\[[@CR6], [@CR8]\]

*Let* *G* *be a simple graph*. *Then* $$\documentclass[12pt]{minimal}
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                \begin{document}$$\mu(G)\leq\max\biggl\{ \frac {d(u)(d(u)+m(u))+d(v)(d(v)+m(v))}{d(u)+d(v)}\biggm|uv\in E(G)\biggr\} . $$\end{document}$$ *If* *G* *is connected*, *then equality holds if and only if* *G* *is a regular bipartite graph or a semiregular bipartite graph*.

Lemma 2.6 {#FPar7}
---------

\[[@CR14]\]

*Let* *G* *be a Halin graph with* *k* *interior vertices*. *Then* $\documentclass[12pt]{minimal}
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First, we discuss the Halin graphs with at least four interior vertices.

Lemma 2.7 {#FPar8}
---------

*Let* *G* *be a Halin graph with* *k* *interior vertices*. *If* $\documentclass[12pt]{minimal}
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Proof {#FPar9}
-----

Let *G* be a Halin graph with the primary cycle *C*. It follows from Lemma [2.6](#FPar7){ref-type="sec"} that $\documentclass[12pt]{minimal}
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Lemma 2.9 {#FPar12}
---------
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Proof {#FPar13}
-----
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Proof {#FPar17}
-----
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For all types of edges in *G*, consider the index in Lemma [2.5](#FPar6){ref-type="sec"}. Let $\documentclass[12pt]{minimal}
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                \begin{document}$\mu(G)< n-4$\end{document}$ in this case (see Table [2](#Tab2){ref-type="table"}). This completes the proof. Table 2**The Laplacian spectral radii of some Halin graphs with two interior vertices*G**μ*** **(** ***G*** **)***n* = 6*H*(2,2)5.0000*n* = 7*H*(3,2)5.6180*n* = 8*H*(3,3)6.0000*H*(4,2)6.3234*n* = 9*H*(4,3)6.5315*n* = 10*H*(4,4)6.8820*H*(5,3)7.3058*n* = 11*H*(5,4)7.4911*H*(6,3)8.1938*n* = 12*H*(5,5)7.8605*H*(6,4)8.2932*H*(7,3)9.1335*n* = 13*H*(6,5)8.4827*H*(7,4)9.1923*H*(8,3)10.0976*n* = 14*H*(6,6)8.8562*H*(7,5)9.2930*H*(8,4)10.1358*n* = 15*H*(7,6)9.4835*H*(8,5)10.1954*H*(9,4)11.1012*n* = 16*H*(9,5)11.1399*H*(10,4)12.0785*n* = 17*H*(10,5)12.1055*H*(11,4)13.0627*n* = 18*H*(12,4)14.0513 □

Lemma 2.12 {#FPar18}
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Proof {#FPar19}
-----
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Lemma 2.13 {#FPar20}
----------
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Proof {#FPar21}
-----
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(d_{1},d_{2},\ldots ,d_{n})=(n-4,4,3,\ldots, 3)$\end{document}$. It follows from Lemma [2.1](#FPar2){ref-type="sec"} that $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \mu(G) < &\min_{1\leq i\leq n}\biggl\{ \frac{d_{1}+2d_{i}-1+\sqrt {(2d_{i}-d_{1}+1)^{2}+8(i-1)(d_{1}-d_{i})}}{2}\biggr\} \\ \leq& \frac{d_{1}+2d_{2}-1+\sqrt {(2d_{2}-d_{1}+1)^{2}+8(d_{1}-d_{2})}}{2} \\ =&\frac{n+3+\sqrt{(n-13)^{2}+8(n-8)}}{2}. \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \begin{document}$$n-2\geq\frac{n+3+\sqrt{(n-13)^{2}+8(n-8)}}{2}. $$\end{document}$$ Therefore $\documentclass[12pt]{minimal}
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                \begin{document}$t_{1}=3,4,5,\ldots,8$\end{document}$. It is clear that $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\mu (H(t_{1},3))< n-2$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$t_{1}=4,5,\ldots,8$\end{document}$ (see Table [2](#Tab2){ref-type="table"}). Thus we complete the proof. □

Lemma 2.14 {#FPar22}
----------
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                \begin{document}$n-2<\mu (G)\leq n-1$\end{document}$. *Moreover*, *the right equality holds if and only* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$G=H(2,2)$\end{document}$.

Proof {#FPar23}
-----

The degree sequence of *G* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$(d_{1},d_{2},\ldots ,d_{n})=(n-3,3,3,\ldots, 3)$\end{document}$. It follows from Lemma [2.1](#FPar2){ref-type="sec"} that $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\mu (G)>\Delta(G)+1=n-2$\end{document}$. From Lemmas [2.2](#FPar3){ref-type="sec"} and [2.3](#FPar4){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \mu(G) < &\min_{1\leq i\leq n}\biggl\{ \frac{d_{1}+2d_{i}-1+\sqrt {(2d_{i}-d_{1}+1)^{2}+8(i-1)(d_{1}-d_{i})}}{2}\biggr\} \\ \leq& \frac{d_{1}+2d_{2}-1+\sqrt {(2d_{2}-d_{1}+1)^{2}+8(d_{1}-d_{2})}}{2} \\ =&\frac{n+2+\sqrt{(n-10)^{2}+8(n-6)}}{2}. \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq9$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n-1\geq\frac{n+2+\sqrt{(n-10)^{2}+8(n-6)}}{2}. $$\end{document}$$ Therefore $\documentclass[12pt]{minimal}
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                \begin{document}$\mu(G)< n-1$\end{document}$. If $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$G=H(2,2)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$H(3,2)$\end{document}$ or $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$H(4,2)$\end{document}$. It is clear that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\mu(H(2,2))=n-1$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(H(3,2))< n-1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu (H(4,2))< n-1$\end{document}$ (see Table [2](#Tab2){ref-type="table"}). Thus we complete the proof. □

Now we are ready to present the proof of Theorem [1.1](#FPar1){ref-type="sec"}. In fact, from the previous lemmas, it is easy to obtain the main result. For the sake of completeness, we provide a brief proof.

Proof of Theorem [1.1](#FPar1){ref-type="sec"} {#Sec3}
==============================================

Let *G* be a Halin graph. We make a summary of Lemmas [2.6](#FPar7){ref-type="sec"}-[2.14](#FPar22){ref-type="sec"}.

If *G* has $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\geq4$\end{document}$ interior vertices, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(G)< n-4$\end{document}$.

If *G* has three interior vertices, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\mu(G)< n-4$\end{document}$ when $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G\notin\{ H(2,2,t_{3},t_{4}),H(n-6,2,1,0),H(3,2,1,1)\}$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{3}+t_{4}\geq1$\end{document}$; if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G\in\{H(2,2,t_{3},t_{4}),H(n-6,2,1,0),H(3,2,1,1)\}$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{3}+t_{4}\geq2$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n-4<\mu(G)\leq n-3$\end{document}$; if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=H(2,2,1,0)$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n-3<\mu(G)<n-2$\end{document}$.

If *G* has two interior vertices, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\mu(G)< n-4$\end{document}$ when $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G\notin\bigl\{ H(n-6,4),H(n-5,3),H(n-4,2)\bigr\} . $$\end{document}$$ On the other hand, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n-4<\mu(H(n-6,4))<n-3$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n-3<\mu (H(n-5,3))\leq n-2$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n-2<\mu(H(n-4,2))\leq n-1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(H(n-5,3))>\mu (H(2,2,1,0))$\end{document}$.

If *G* has one interior vertex, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=W_{n}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(W_{n})=n$\end{document}$.

It is now obvious that the theorem holds.

Remark 3.1 {#FPar24}
----------

From the proof, we see that there is no graph with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n-1<\mu(G)<n$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(G)=n-1$\end{document}$ iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=H(2,2)$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(G)=n-2$\end{document}$ iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=H(3,3)$\end{document}$. There is no graph with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(G)=n-4$\end{document}$.

Remark 3.2 {#FPar25}
----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H(n-t-2,t)$\end{document}$ be a Halin with *n* vertices and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 2t+2$\end{document}$. Then $\documentclass[12pt]{minimal}
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                \begin{document}$\Delta=n-t-1$\end{document}$, so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(H(n-t-2,t))>n-t$\end{document}$. The degree sequence is $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(n-t-1,t+1,3,\ldots,3)$\end{document}$, then if $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq5t-1$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\mu\bigl(H(n-t-2,t)\bigr)\leq\frac{d_{1}+2d_{2}-1+\sqrt {(2d_{2}-d_{1}+1)^{2}+8(d_{1}-d_{2})}}{2}\leq n-t+1. $$\end{document}$$ That is, for an integer *k*, when *n* is sufficiently large, then $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$n-t<\mu(H(n-t-2,t))\leq n-t+1$\end{document}$. From this we propose the following conjecture.

Conjecture 3.1 {#FPar26}
--------------

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H(t_{1},t_{2})$\end{document}$ *be a Halin graph with two interior vertices and order* *n*, *where* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n=t_{1}+t_{2}+2$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{1}\geq t_{2}$\end{document}$. *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n-t_{2}<\mu(H(t_{1},t_{2}))\leq n-t_{2}+1$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(H(t_{1},t_{2}))<\mu(H(t_{1}+1,t_{2}-1))$\end{document}$.

Conclusions {#Sec4}
===========

We determine all the Halin graphs with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu(G)\geq n-4$\end{document}$. Moreover, we also obtain the graphs with the first three largest Laplacian spectral radius among all the Halin graphs on *n* vertices. Considering the further order of the Laplacian spectral radius of Halin graphs is still an interesting and important problem.
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